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The minimal dynamic models are used to investigate the influences of geometric

coupling on frictionally-excited system. At a certain set of system parameters, spragging

can occur where the steady-sliding is indeterminate. It is found that the sprag condition

becomes the boundary of the regime for the non-existence of the equilibrium in the

and mode-coupling is determined for the regime in which the steady-sliding is defined.

Its ensuing nonlinear response is shown to reach the stick-slip limit cycle.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Self-excited vibration induced by friction has generated annoying noise in many applications such as brakes and
mechanical gear systems. The mechanisms of friction-induced vibrations have been investigated for several decades:
sprag-slip, negative friction-slope and mode-coupling, as reviewed in [1]. The negative friction-slope with respect to the
sliding speed was widely applied to the friction-engaged system as a source of dynamic instability and its nonlinear
behavior was characterized as limit cycle oscillations in [2–4].

On the other hand, the mode-coupling instability has been shown to be the source of the friction-induced vibration in
systems with axi-symmetric components such as rotors and drums of automotive braking systems [5,6]. The flutter
instability and its limit cycle response have been investigated for the case of coexistence of mode-coupling and negative
friction-slope mechanisms [7–10].

In contrast, the sprag-slip mechanism has not been clearly explained in the current literature. This issue was actively
studied as a possible source of brake squeal noise by many researchers through the 1970s. Spurr [11] determined a
geometric condition for the appearance of unbounded contact forces, which is also referred to as the kinematic (or
geometric) constrained instability. It was assumed by Spurr that for this instability ‘‘friction force is much increased above
the value it would have in a perfectly rigid system. The assembly deflects elastically, reducing the frictional force and
returns to its first state to repeat the cycle’’. This scenario is termed ‘‘sprag-slip oscillation’’. Jarvis and Mills [12] used a
cantilevered beam on disc to examine sprag-slip instabilities in braking systems. The simple pin-disc model by Earles et al.
[13] showed the necessary condition for instability in terms of the contact orientation. However, the interest on the sprag
mechanism has diminished since 1980s when the mode-coupling mechanism gained acceptance as being a dominating
factor in the production of brake squeal oscillations. Yet interest in sprag oscillations remain today in many applications.

Recently, the sprag-slip phenomena in the beam-on-belt configuration were re-examined in [14,15] focusing on the
condition where a steady-sliding state does not exist. However, it is a more complicated model than a spring-block model
that is typically used in the study of self-excited oscillation. It is relevant to study the simpler sprag models in order to
make clear the dynamic response characteristics near the sprag condition. It is noted that the sprag model resembles
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Painleve’s problem [16,17] which describes the rigid-body with the Coulomb law of friction to penetrate the rigid surface
at the certain conditions. This inconsistent condition is closely related to the sprag condition.

In the current paper, we develop simple friction-coupled models with spragging forces by using a mass on a traveling
belt in both one- and two-dimensional spaces. The static and dynamic stability boundaries are provided in terms of the
closed-form solutions. The onset of the equilibrium instability and the sprag condition for non-existence of steady-sliding
response are determined through analytical and numerical procedures. In the last section, nonlinear examples are provided
for showing the ensuing dynamic behavior of the equilibrium instability.

2. Derivation of the equations of motion

2.1. One-dimensional sprag model

The dynamic model of Spurr [11] is refined here in this study. Consider a rigid body hinged at point ‘O’ in Fig. 1(a), with
the other end in contact with a surface moving at a constant speed Vða0Þ. The body is pressed by a pre-load L, generating a
normal contact force N and a friction force Fð ¼ mNÞ on the rigid contact surface. For steady-sliding, a force and moment
balance on the rigid body results in:

N

L
¼

1

1�mtanyo
, (1)

From Eq. (1), it is seen that the contact force becomes infinite when

m¼ 1

tanyo
: (2)

This is called the sprag condition subject to the geometric rigid model constraint.
It should be noted that the normal contact force N becomes negative if 1�m tanyoo0 from Eq. (1). Obviously, the

negative sign of the normal contact force is not consistent with the friction contact problem, implying that the steady-
sliding equilibrium does not exist under this condition.

Suppose the system has compliances which are modeled by a spring inclined by yo and a lateral spring in the sliding
direction as shown in Fig. 1(b). If the mass is assumed to slightly move only in the x-direction, the resulting force acting on
the mass can be found as the following:

Fbody ¼ ðF�k2xÞiþðN�LÞjþFs, (3)

where the reacting force Fs of the inclined spring becomes

Fs ¼�kxcosyoðcosyoiþsinyojÞ: (4)

For yo at equilibrium, the equation of motion for the dynamic model can be written as

m €xþfkðcos2 yo�m cosyosinyoÞþk2gx¼ mL, (5)

where X
Fy ¼N�L�kx cosyo sinyo ¼ 0: (6)

The friction coefficient m is generally assumed to be a nonlinear function of the sliding velocity Vrel ¼ V� _x. Linearizing this
relation about Vrel ¼ V gives

m¼ mo�
@m
@Vrel

����
_x ¼ 0

_xþOð _x2
Þ: (7)
Fig. 1. Description of models, (a) static sprag model, (b) 1D dynamic sprag model.
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By applying Eq. (7) to Eq. (5), the equation of motion takes the form of

m €xþCmL _xþðCmk cosyosinyoÞ _xxþfk cos2 yoð1�mo tanyoÞþk2gx¼ moL, (8)

where Cm represents for the coefficient of friction-velocity slope defined by

Cm �
@m
@Vrel

����
_u ¼ 0

: (9)

Note that the term _xx provides a linear term as follows.
By using the dimensionless time t¼ t

ffiffiffiffiffiffiffiffiffiffiffiffi
k2=m

p
and the coordinate transformation xðtÞ ¼ uðtÞþxo, the linearized equation

of motion becomes

u
00

þ
CmLffiffiffiffiffiffiffiffiffi
mk2

p u0 þ
Cmk cosyo sin yoffiffiffiffiffiffiffiffiffi

mk2

p xou0 þ
k

k2
cos2 yoð1�mo tanyoÞþ1

� �
u¼ 0, (10)

where ð�Þ0 denotes differentiation with respect to t and the steady-sliding deformation xo takes the form of

xo ¼
moL

k cos2 yoð1�mo tanyoÞþk2
: (11)

For Spurr’s model (k2=0), 1�mo tanyo ¼ 0 is the sprag condition for an unbounded steady-sliding deformation. This
geometric condition was considered the source of instability for the ensuing sprag-slip oscillations in this discussion. In
this model for k2a0, ek cos2 yoþk2 ¼ 0 will be the modified sprag condition where

e¼ 1�mo tanyo: (12)

Finally, Eq. (10) is further simplified by introducing new parameters such that

u
00

þb
1þd
1þed

� �
u0 þðedþ1Þu¼ 0, (13)

where

b¼
CmLffiffiffiffiffiffiffiffiffi
mk2

p , (14)

d¼
k

k2
cos2 yo: (15)

The parameter d provides the contribution ratio of spring components to the lateral stiffness in the manner that d can be
increased by either a decrease in k2 or a decrease in the angle yo. Here the sprag condition can be rewritten by using new
parameters

1þed¼ 0: (16)

It should be noted that the sprag condition of Eq. (16) produces an infinite damping coefficient in the equation of motion of
Eq. (13).

The normal contact force at steady-sliding can be found from Eqs. (6) and (11):

N

L
¼

1þd
1þed : (17)

For 1þedo0, however, the normal contact force becomes negative, which breaks the frictional contact at the sliding
surface as discussed earlier. Therefore, the condition for the sign change of the normal contact force and spragging
ð1þedr0Þ will not allow the steady-sliding state of the mass.

For the schematic interpretation (Fig. 2) for the sign change in normal contact force, the contact and total spring forces
in terms of their direction angles are introduced as below

Fc ¼ FiþNj, (18)

FT ¼�ðk2xþkx cos2 yoÞi�ðkx cosyo sinyoÞj, (19)

tanj¼ N

F
¼

1

m , (20)

tanZ¼
FTy

FTx
¼

k cosyo sinyo

k2þk cos2 yo
: (21)

When j4Z, the block can experience the steady-sliding as seen in Fig. 2(a). At j¼ Z, the forces Fc and FT are aligned; the
only way that the block can be in equilibrium with La0 is to have the magnitude of both Fc and FT equal to infinity. Note
that when j¼ Z, 1þed¼ 0; that is, the sprag condition corresponds to the alignment of the total spring force vector with
the contact force vector. When joZ, the system cannot be in equilibrium since the vector sum of the three forces acting
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Fig. 2. Scheme for the existence of the equilibrium, (a) j4Z; equilibrium possible, (b) joZ; equilibrium impossible, (c) uoZ; equilibrium possible only

if both Fc and FT reverse sign.

Fig. 3. 2D dynamic sprag model.
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on the block cannot be zero as seen in Fig. 2(b). However, if the signs of Fc and FT are reversed as in Fig. 2(c), the block can
be in equilibrium. It points out that it is not only the sign of the normal contact force that can change, but the friction force
and spring force must also change in sign. This is not consistent with the friction contact model. This discussion suggests
that this sliding model is valid for only angles j4Z. Hoffmann and Gaul [15] have observed the same type of loss of the
steady-sliding solution in a similar low-order model. Their interpretation of this condition is that the slider must lose
contact with the belt under these conditions. This is a reasonable assumption. However, it is also possible that other
compliances not included in these models could allow for steady-sliding solutions to exist in these regimes corresponding
to classical spragging.

2.2. Two-dimensional sprag model

The dynamic sprag model is now modified by adding the contact stiffness kc as shown in Fig. 3. This model in the
previous literature [10,18] has been used for demonstrating the mode-coupling instability in the absence of spragging. For
this reason, the existence of the steady-sliding equilibrium is investigated in terms of the coupling angle where its
influence on the squeal oscillation due to mode-coupling is demonstrated at steady-sliding. In addition, the dynamic
similarities and differences between the one- and two-dimensional models are provided here.

In the two-dimensional dynamic sprag model, the vertical motion is accounted for in the manner that the body force
acting on the mass is described as

Fbody ¼�k2xi�ðkcyþLÞjþFs, (22)

where the inclined spring force is obtained by

Fs ¼�kðx cosyoþy sin yoÞðcosyo iþsinyojÞ, (23)

Therefore, the equations of motion for the modified dynamic sprag model take the form:

m €xþðk cos2 yoþk2Þxþk sinyo cosyo y¼�mkcy, (24)

m €yþk sinyo cosyo xþk sin2 yo y¼�kcy�L: (25)
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It is noted that Eq. (24) reduces to Eq. (5) if the contact spring force kcy is set equal to the normal contact force �N.
Consequently, the choice of the dynamic sprag models of Figs. 1(b) and 3 is the matter of existence of vertical oscillations.
Here the friction curve is also linearized in this model as in Eq. (7).

Similarly, the origin is shifted to zero by introducing the perturbations u and v from xo and yo, respectively, in such a
manner that x=xo+u and y=yo+v, where the steady-sliding deformations are obtained by

xo ¼
Lðmokc=cos2 yþk tanyoÞ

k � kcð1�mo tanyoÞþk2ðkc=cos2 yoþk tan2 yoÞ
, (26)

yo ¼
�Lðk2=cos2 yoþkÞ

k � kcð1�mo tanyoÞþk2ðkc=cos2 yoþk tan2 yoÞ
: (27)

The sprag condition for this system becomes

k � kcð1�mo tanyoÞþk2ðkc=cos2 yoþk tan2 yoÞ ¼ 0: (28)

By using the dimensionless time t¼ t
ffiffiffiffiffiffiffiffiffiffiffiffi
k2=m

p
, the linearized equations of motion are written as

u
00

�
Cmkcyoffiffiffiffiffiffiffiffiffi

mk2

p u0 þ
k

k2
cos2 yoþ1

� �
uþ

k

k2
sinyo cosyoþmo

kc

k2

� �
v¼ 0, (29)

v
00

þ
k

k2
sinyo cosyouþ

k

k2
sin2 yoþ

kc

k2

� �
v¼ 0, (30)

where ð�Þ0 denotes differentiation with respect to t. Finally, the equations of motion are expressed as

u
00

þb
1þd

1þedþg�1sin2 yo

 !
u0 þð1þdÞuþ

1

s
ðsinyo cosyoþmogÞv¼ 0, (31)

v
00

þ
1

s sinyo cosyouþ
1

s ðsin2 yoþgÞv¼ 0, (32)

where

s¼ k2

k
ð40Þ: (33)

g¼ kc

k
ð40Þ: (34)

The sprag condition of Eq. (28) for this two degree-of-freedom model is rewritten as

1þedþg�1 sin2 yo ¼ 0: (35)

Note that this sprag condition reduces to that of the single degree-of-freedom model (Eq. (16)) as g-1, as expected.
This also provides an infinite damping coefficient, as seen in Eq. (31). This two-dimensional dynamic sprag model can be
now used to describe the self-excited oscillations due to mode-coupling and negative friction-slope mechanisms and the
sprag conditions. Here the normal contact force at steady-sliding can be found as well:

N

L
¼�

kcyo

L
¼

1þd
1þedþg�1 sin2 yo

, (36)

where 1þedþg�1 sin2 yoo0 should break the steady-sliding state due to the sign change of the normal contact force.
Therefore, the sprag condition of the 2D dynamic sprag model will be the onset of the regime breaking the steady-sliding as
well.
3. Analysis and results

As seen in the previous section, both the single- and two-degree-of-freedom models have parameter spaces for
which the slider is seen to lift off the belt. It was concluded that in these spaces, steady-sliding is not possible within
the constraints of these models. In this section, we will investigate the parameter spaces for which steady-sliding
does exist. A perturbational eigenvalue analysis is presented to determine the stability of steady-sliding within
these spaces. In addition, the resulting self-excited nonlinear responses where unstable steady-sliding exists are
presented.
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Fig. 4. Sprag curve of the static sprag model (the boundary of the no steady-sliding).
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3.1. One-dimensional sprag model

From Eqs. (1), (17) and (36), it is concluded that the sprag condition defines the onset of the no steady-sliding. In the
static sprag model (Fig. 1(a)), the inclined angle required for the no steady-sliding decreases as the friction coefficient
increases (Fig. 4).

The analysis for the 1D dynamic sprag model (Fig. 1(b)) is provided as follows. First, the no steady-sliding and sprag
conditions are obtained as the following case.

Case I. No steady-sliding

1þedr0: (37)

The condition for the sign change in the normal contact force is equivalent to a negative stiffness of Eq. (13). Steady-
sliding does not exist under this condition. Again, the sprag curve, 1þed¼ 0 becomes the border of the no steady-sliding.

In the case of the existence of the steady-sliding, parametric equilibrium stability is determined analytically.
Substitution of u¼Uelt into Eq. (13) produces the eigenvalue solutions of

l1,2 ¼�
b
2

1þd
1þed

� �
7

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð1þdÞ
1þed

� �2

�4ð1þedÞ

s
, (38)

subject to 1þed40 (condition for the existence of the steady-sliding).
For ReðlÞa0, this eigenvalue pair determines the stability of the local behavior of the steady-sliding in the nonlinear Eq.

(5) according to Hartman–Grobman theorem [19]. Particularly, it should be noted that the sign of b and 1þed directly
influence the equilibrium stability and the non-existence of steady-sliding. The following stability criteria are summarized
as follows.

Case II. Source (Imðl1,2Þ ¼ 0 and l14l240)

1þed40: (39)

and

bo�
2ð1þedÞ3=2

ð1þdÞ2
: (40)

This condition can be met only by the negative slope of a friction-velocity curve. The source-type instability cannot retain
oscillatory motions even with a positive stiffness in the sliding direction when an excessively large negative value of the
damping coefficient is present.

Case III. Sink (Imðl1,2Þ ¼ 0 and l2ol1o0)

1þed40, (41)

and

b4
2ð1þedÞ3=2

ð1þdÞ2
: (42)

The system parameters satisfying these parametric conditions will stabilize the steady-sliding. The condition related to
system frequency (42) splits the stable region into sink and spiral-in type stabilities.

Case IV. Spiral-in (Imðl1,2Þa0 and Reðl1Þo0)

1þed40, (43)

and

0obo
2ð1þedÞ3=2

ð1þdÞ2
, (44)
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where the system response near the steady-sliding will decay as damped oscillations.
Case V. Spiral-out (Imðl1,2Þa0 and Reðl1Þ40)

1þed40, (45)

and

�
2ð1þedÞ3=2

ð1þdÞ2
obo0: (46)

This flutter type instability produces the friction-induced vibration near the steady-sliding equilibrium in this dynamic
sprag model. From the condition (46), it can be concluded that the spiral-out instability can be observed only for friction
laws with a negative slope at the operating state.

For clarification, the stiffness ratio s of the spring components is used in this analysis. In Fig. 5, the stability boundaries
for the five cases above are illustrated, where the equilibrium stability cannot be defined on the regime of Case I. For
s=0(k2=0), Case V was introduced by Spurr’s dynamic sprag model corresponding to the flutter instability produced by the
negative friction slope ðbo0Þ. For sa0ðk2a0Þ, the increase of negative friction slope can drop the fundamental frequency
to zero by moving the steady-sliding from case V to II. From a practical point of view, the propensity of the flutter
instability (Case V) can be the issue for a given negative value of b (negative friction-velocity slope). Geometric
configuration influences on it in such a way that the regime of Case V can shrink near the boundary of Case I for er0 and
expand for e40.

Attention is paid to the sprag condition, edþ1¼ 0 as being a boundary of Case I (no steady-sliding) as shown in Fig. 5.
Fig. 6 demonstrates the relationship between the range of stiffness values of s=k2/k required for the appearance of the no
steady-sliding, where the sprag curve of Fig. 6 represents the critical values of e and s satisfying the sprag condition. Note
that for sosc the sprag condition can be met. In this example of mo=0.7, as s goes to zero, the sprag angles are
approximately 551 and 901, where the steady-sliding equilibrium does not exist between 551 and 901.

Fig. 7 illustrates the stability boundaries with the change of b. It implies that the negative friction slope, pre-normal
load and the stiffness in the sliding direction change the dynamic characteristics around the steady-sliding. For example,
Fig. 5. Parametric stability for the 1D dynamic sprag model, I: no steady-sliding, II: source, III: sink, IV: spiral-in, V: spiral-out, mo=0.7.

Fig. 6. Dynamic characteristics around sprag curve in the e�s plot for the 1D dynamic sprag model, mo=0.7.
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Fig. 7. Parametric stability on e�s domain at, (a) b=�0.5, (b) b=�1.0, (c) b=�1.5, (d) b=�2.0, for the one-dimensional model.

Fig. 8. Variation of imaginary part of the eigenvalue at b=�1.0 and s=0.3 (on the region of II and V) for the one-dimensional model.
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the regime of flutter instability (case V) disappears as the negative value of b is increased. Besides, it is known that the
tribologic and geometric changes can alter the squeak frequencies [20]. For demonstrating this, Fig. 8 shows that
the imaginary part of the eigenvalue drastically changes with respect to the sprag variable e, where e is the function of the
tribologic and geometric factors such as the friction coefficient and the inclination angle. This sudden change in the system
frequency is attributed to the shift between the types of equilibrium instability with respect to the variation of system
parameters. It is shown in Fig. 7(b) and 8 that the boundaries of the instability type, A and B corresponds to the critical
values for Im(l)=0.
3.2. Two-dimensional dynamic sprag model

Similarly, the parametric space for the existence of the steady-sliding is found first, where the dynamic characteristics
of the two-dimensional system ((31)–(32)) are determined by Re(l) and Im(l).
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Case I2D. No steady-sliding

1þedþg�1 sin2 yor0, (47)

which is equivalent to

�ð1þgþsÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þg�sÞ2þ4sðs�geÞd

q
Z0: (48)

In the parametric space except the above, the stability of the steady-sliding equilibrium for b=0 is determined by

l¼ 7
1ffiffiffiffiffiffi
2s
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þgþsÞ7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þg�sÞ2þ4sðs�geÞd

qr
, (49)

subject to 1þedþg�1sin2yo40 (condition for the existence of the steady-sliding). From the Eq. (49), the stability of the
steady-sliding can be summarized by the following.

Case II2D. Marginal oscillation (ImðlÞ40 and ReðlÞ ¼ 0)

ð1þg�sÞ2þ4sðs�geÞd40, (50)

and

1þedþg�1 sin2 yo40: (51)

Case III2D. Spiral-out (ImðlÞ40 and at least one ReðlÞ40)

ð1þg�sÞ2þ4sðs�geÞdo0: (52)

Particularly, the flutter instability of Case III2D does not contain the negative friction-slope parameter b, but rather it is
related to the mode-coupling instability. It should be noted that the mode-coupling instability can be generated only when
e40 (from s�geo0) that corresponds to 903oyoo1803 or 03oyooye ¼ 0.

Figs. 9 and 10 illustrate the boundaries of the existence and stability of the steady-sliding equilibrium. These figures
show some interesting relationships among the three stiffnesses, inclination angle and friction coefficient. When the
contact stiffness g is decreased, the region in the s�e plane corresponding to the onset of squeal is significantly decreased.
Alternately, there are no values of e (i.e. mo and yo) for which squeal can occur for small kc. As g increases above a certain
value, the combination of e and s required for squeal is specified in such a way that e40 and sc

minososc
max. Therefore,

the regime of mode-coupling instability relies on the combination of stiffness ratios and sprag parameter e. Note that the
no steady-sliding can arise only with a negative value of e and small sð40Þ. In addition, Fig. 11 shows that the imaginary
part of the eigenvalues of the two-dimensional system can vary drastically at certain conditions similar to that of the one-
dimensional model.

Here the sprag curve is determined in this two degree-of-freedom model as well. It should be highlighted that the sprag
curve becomes the onset of the no steady-sliding as seen in the one-dimensional system. Fig. 12 illustrates that the sprag
curve approaches to that of Fig. 6 for the increase of the contact stiffness g as expected in Eq. (35). When g is decreased, the
value of s required for the sprag condition decreases. Alternately, the softer contact stiffness requires the less lateral
stiffness for the onset of spragging.

The nonzero damping is known to alter the eigenvalue loci in terms of the negative damping and the difference
between the damping coefficients of the mode-pair [8]. Fig. 13 illustrates how nonzero damping can influence the
equilibrium instability by changing the real and imaginary parts of the eigenpair.
Fig. 9. Parametric stability, I2D: no steady-sliding, II2D: marginally stable, III2D: spiral out (mode-coupling), mo=0.7 for two-dimensional model.
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Fig. 11. The higher imaginary part of the mode pair with respect to e and s(40.1) at g=1.0 (on the region of II2D and III2D) for two-dimensional model.

Fig. 12. Sprag curve for the two dimensional model, mo=0.7 for two-dimensional model.

Fig. 10. Stability boundary on e�s domain at, (a) g=0.4, (b) c=1.0 for two-dimensional model.

J. Kang, C.M. Krousgrill / Journal of Sound and Vibration 329 (2010) 3537–35493546
3.3. Examples of nonlinear behavior

It has been observed that the dynamic behavior under the loss of steady-sliding solutions cannot be determined in the
present models. Instead, nonlinear response away from the sprag regime will be illustrated here. First of all, the oscillations
under the unstable steady-sliding equilibrium are demonstrated. The following friction curve is used in the original
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Fig. 13. The eigenvalue loci with respect to m at (e,s,g)=(1.8,1,1), (a) imaginary part, (b) real part, thick line: b=0, thin line: b=�1 for two-dimensional model.

Fig. 14. Friction curve with respect to sliding speed.
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equation of motion (5) ([9]):

m¼ sgnðV� _xÞð1�e�ajV� _x jÞfmk�ðmk�msÞe
�bjV� _x jg, (53)

where V is a belt speed and ðmk,ms,a,bÞ are control parameters of the friction coefficient. An example of the friction law of
Eq. (53) with a negative friction-velocity slope is illustrated in Fig. 14. On the basis of the stability boundaries from linear
analysis shown in Fig. 5, the system parameters are chosen for demonstrating the nonlinear behavior of Case V. Fig. 15
shows how the stick-slip limit cycle motion is formed around the unstable steady-sliding equilibrium (Case V).

One type of divergence instability in the one-dimensional sliding system was a source type (Case II) which arises from
an excessively negative damping coefficient. Due to the positivity of system stiffness in the sliding direction, the nonlinear
response would eventually take a limit cycle stick-slip oscillation as illustrated in Fig. 16. The corresponding system
frequency can be changed by a variation of a sprag parameter as shown in Fig. 17.
4. Conclusions and discussion

The single degree-of-freedom oscillator with an inclined spring has been developed as representing a sprag parameter
in the system. From the analytical eigensolutions, it has been found that the sprag condition becomes the onset of the
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Fig. 16. The time history of criterion C at (mo, b,s)=(0.7�2.0,0.3), (a) phase plane, (b) velocity, for the one-dimensional model.

Fig. 17. Spectrogram at (mo, b,s)=(0.7�2.0,0.3) for the one-dimensional model.

Fig. 15. The time history of criterion D at (mo, b,s)=(0.7�0.1,0.3), (a) phase plane, (b) velocity, for the one-dimensional model.
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non-existence of a steady-sliding state. The negative damping induced by the negative friction-slope is essential for the
generation of dynamic instability and becomes infinite under the sprag condition. Also, the vibration frequency is shown to
change drastically along with the variation of sprag parameter.

In the two degree-of-freedom system, the sprag condition and the dynamic coupling between two modes have been
addressed. The sprag condition of the 2D sprag model is influenced by contact stiffness, where it approaches to that of the
1D sprag model as the contact stiffness increases. It is found that the mode-coupling instability occurs only under a certain
range of the sprag parameter as described by the mode-merging characteristics. This tendency is altered by the nonzero
system damping. The frequency variation with respect to sprag parameter appears as well.

Most of all, the sprag condition is found to be the onset of the no steady-sliding. This sprag condition can occur only
when the stiffness in the sliding direction is much smaller than the one at the inclination angle. The sprag angle
corresponding to the sprag condition may not be unique. The no steady-sliding exists between the sprag angles, where it
corresponds to the negative stiffness in the sliding direction.
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In the model using a nonlinear friction curve, it is shown that the steady-sliding equilibrium can undergo stick-slip limit
cycle oscillation. For the non-existence of steady-sliding, however, realistic and consistent nonlinear models including
nonlinear springs, impacts and nonlinear geometric changes should be included for the possible simulation of the sprag-
slip oscillations.
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